Abstract. Toric orbifolds are topological generalization of projrctive toric varieties associated to simplicial fans. We introduce some sufficient conditions on the combinatorial data associated to a toric orbifold to ensure an invariant CW-structure on it, and called it divisive. In this paper we study equivariant K-theory, cobordism and cohomology theories of divisive toric orbifolds. These extend the corresponding results on divisive weighted projective spaces.
Introduction
The notion of toric orbifold was initiated by Davis and Januskiewicz in their pioneering paper [DJ91] . After 19 years it was explicitly studied in [PS10] by Poddar and the first author with the name quasitoric orbifold. A toric orbifold X is an orbifold admitting an effective action by a compact torus T (S 1 ) n with orbit space a simple convex polytope Q. A toric orbifold can alternately be constructed from Q and the data encoded by a Z n -valued function on the set of codimension 1 faces of Q denoted by λ, called as the characteristic function. In particular, when λ satisfies the condition ( * ) in [DJ91, p. 423 ] the toric orbifold is a manifold and is called a toric manifold. These toric manifolds are now known as quasitoric manifolds, for example see [BP02, Section 5.2]. Moreover, a toric manifold admits a canonical T -equivariant cell structure given by means of the height function on Q [DJ91, Theorem 3.1].
In this paper we give some sufficient conditions for a possibly singular toric orbifold to admit a T -equivariant cell structure. This is using the concept of the retraction of the polytope Q which was introduced in [BSS17] . Motivated by the terminology of divisive weighted projective space due to [HHRW16] we call them divisive toric orbifolds.
The equivariant projection X −→ pt induces the structure of a graded E * T (X) is isomorphic to the piecewise Laurent polynomial functions for (Q, λ) and the equivariant cobordism ring M U * T (X) is isomorphic to the piecewise exponential functions on (Q, λ).
Note that examples of quasitoric orbifolds include simplicial projective toric varieties. Thus the projective simplicial toric varieties for which height function on the associated moment polytope gives an equivariant cell structure are examples of divisive quasitoric orbifolds. Thus our main theorem Theorem 6.3 generalizes [HHRW16, Theorem 5.5, Theorem 7.1].
We refer to [May96] for definition and results on T -equivariant generalized cohomology theories E * T , [Seg68] for T -equivariant K-theory K * T and [tD70] and [Sin01] for T -equivariant complex cobordism theory M U * T .
Toric orbifolds and local groups
In this section we recall the concept of characteristic pairs (Q, λ) of [DJ91] and [PS10] , and explain how they are used to construct toric orbifolds X = X(Q, λ). We then recall invariant subspaces of X corresponding to a face of Q, and local groups of these subspaces.
Let Q be an n-dimensional simple convex polytope in R n and
be the codimension one faces (facets) of Q. The codimension one faces of a convex polytope are called facets.
. . , λ(F i k ) are linearly independent primitive vectors whenever the intersection F i1 ∩ · · · ∩ F i k is nonempty. We denote λ i = λ(F i ) and we call it a characteristic vector corresponding to the facet F i . The pair (Q, λ) is called a characteristic pair.
In the above definition, one can check that it suffices to satisfy the linearly independence condition at each vertex which is an intersection of n facets of Q. An example of characteristic function is given in Figure 1 .
Let F be a codimension-k face of Q. Since Q is a simple polytope, F is the unique intersection of k facets F i1 , . . . , F i k . Let M (F ) be the submodule of Z n generated by the characteristic vectors {λ i1 , . . . ,
Define an equivalence relation ∼ on the product T × Q by (2.2) (t, x) ∼ (s, y) if and only if x = y and s
where F is the smallest face containing x. The quotient space
has an orbifold structure with a natural T -action induced by the group operation, see Section 2 in [PS10] . Clearly, the orbit space under the T -action on X(Q, λ) is Q. Let π : X(Q, λ) → Q defined by π([p, t] ∼ ) = p be the orbit map. The space X(Q, λ) is called the toric orbifold associated to the charateristic pair (Q, λ).
We note that if addition λ satisfies the Davis and Januszkiewicz's condition ( * ) in [DJ91] , then X is a manifold called a toric manifold. After analyzing the orbifold structure of X(Q, λ), Poddar and the first author, [PS10, Subsection 2.2], gave an axiomatic definition of toric orbifolds, which generalizes the axiomatic definition of toric manifolds of [DJ91] . They showed that these two definitions of toric orbifolds are equivalent. In [PS10] , the authors also give explicit orbifold charts for X(Q, λ).
Now we discuss about some special invariant subspaces of X following [PS10] . Let F be a face of Q of codimension k. Then, the preimage π −1 (F ) is a closed invariant subspace. Let
So M * (F ) is a direct summand of Z n and G F is a finite abelian group. Note that if F is a face of F , then the natural inclusion of M (F ) into M (F ) induces a surjective homomorphism from G F to G F , see the proof of [BSS17, Proposition 4.3].
Consider the following projection homomorphism,
Let {H 1 , . . . , H } be the facets of F . Then for each j ∈ {1, . . . , }, there is a unique facet F ij such that H j = F ∩ F ij . We define a map
where prim(x) denotes the primitive vector of x ∈ Z n−k . Then λ F is a characteristic function on F . If X(F, λ F ) be the toric orbifold corresponding the characteristic pair (F, λ F ), then [BSS17, Proposition 3.2] says that as topological spaces, π −1 (F ) and X(F, λ F ) are homeomorphic.
In the rest of this section, we compute and compare the local groups of X(Q, λ) following [BSS17] . There is a bijective correspondence between fixed points of T kaction on the toric orbifold π −1 (F ) to the vertices of F . Let v be a vertex of F ⊂ Q. Then v = F i1 ∩· · ·∩F in for a unique collection of facets F i1 , . . . , F in of Q. Let M (v) be the submodule of Z n generated by {λ(F i1 ), . . . , λ(F in )}. We now consider v as a vertex of codimension k-face F , then v = H j1 ∩ · · · ∩ H j n−k for a unique collection of facets H j1 , . . . , H j n−k of F . Let M F (v) be the submodule of Z n−k generated by
for a proper face F of Q containing v. These are finite abelian groups. Notice that the orders |G Q (v)| and |G F (v)| of each group are obtained by computing the determinant of the matrix obtained by considering the corresponding characteristic vectors as columns. In other words,
CW-structures on toric orbifolds
In this section, we recall the concept of retraction of simple polytope which was introduced in [BSS17] . Then we define divisive toric orbifolds, and show that a divisive toric orbifold has an actual CW-structure. We compute an example of a divisive toric orbifold. We adhere to the notations of previous sections.
Let Q be a simple polytope of dimension n. Then the collection of its faces is a polytopal complex (see [Zie95, Definition 5 .1]) denoted by L(Q) and Q is its polyhedron. If L is a polytopal subcomplex of L(Q) and B is its polyhedron. Several examples of retraction sequence of polytopes can be found in [BSS17, Section 2]. Also, Figure 2 gives an example of a retraction sequence of a 3-prism. Moreover, [BSS17, Proposition 2.3] shows that every simple polytope has a retraction sequence.
Remark 3.3. Given a retraction sequence of simple polytope Q one can define a directed graph on 1-skeleton of Q in the following way. Let
be a retraction sequence of Q. We order the vertices of Q as v 1 < v 2 < . . . < v m . We assign a direction from v s to v r on an edge with end points v s , v r if v s > v r . This directed graph has the property: if k many edges are coming toward the vertex v i then dim P i = k.
Definition 3.4. Let X be a toric orbifold over the simple polytope Q with characteristic function λ. Then X is called divisive if Q has a retraction {(
such that G Pi (v i ) is trivial group for i = 1, . . . , m − 1.
Lemma 3.5. If X is a divisive toric orbifold of 2n-dimension then X has a usual CW-structure where cells are invariant under T -action.
Proof. Let {H 1 , . . . , H s } be the facets of
U i . This proves the lemma. Example 3.7. In this example we construct a divisive toric orbifold. Consider the characteristic function λ on a 3-prism Q as in Figure 1 . One can compute that
, where, for example, G Q (v 1 ) is the determinant of {λ(F 1 ), λ(F 2 ), λ(F 3 )}, and similarly others. (1, 0, 0)
(1, 1, 4) (2, −1, 3) Figure 1 . A characteristic function on 3-prism Q.
Now we consider the following retraction of Q, see Figure 2 . The retraction sequence is given by
We only compute the local group G F5 (v 4 ) and computation for other G Pi (v i ) is similar. In this case P i = F 5 and v i = v 4 . So M (F 5 ) = λ(F 5 ) = (1, 1, 4) . Thus
Consider the basis {e 1 = (0, 1, 0), e 2 = (0, 0, 1), e 3 = (1, 1, 4)} of Z 3 . Then one gets the projection ρ :
The facets of F 5 which intersects at v 4 are F 2 ∩ F 5 and F 3 ∩ F 5 . Therefore we get λ F5 on F 2 ∩ F 5 and F 3 ∩ F 5 which are given by
Similarly, one can compute that 
GKM theory on divisive toric orbifolds
We begin this section by recalling the GKM theory from [HHH05, Section 3]. We shall then verify that these results can be applied to a divisive toric orbifold and hence give a precise description of its equivariant K-ring, equivariant cobordism ring and equivariant cohomology ring.
Let X be a G-space equipped with a G-invariant stratification
Every X i \ X i+1 has a G-invariant subspace x i whose neighbourhood carries the structure of the total space a G-equivariant vector bundle
Let E * G (X) denotes a generalized G-equivariant cohomoogy theory of the G-space X. Now we make the following assumption on the G-space X.
(A1) Each subquotient X i /X i+1 is homeomorphic to the Thom space T h(ρ i ) with corresponding attaching map φ i : We now recall the precise description of the generalized G-equivariant cohomology theory of X.
Theorem 4.1. [HHH05, Theorem 3.1] Let X be a G-space satisfying the four assumptions A1 to A4. Then the restriction map
is monic and its image Γ X can be described as
We first show below that the GKM theory of [HHH05] described above can be applied to a divisive toric orbifold X := X(Q, λ). Further, we shall use this to give an explicit description of K * T (X), M U * T (X) and H * T (X). Let X(Q, λ) be a divisive toric orbifold and
be the corresponding retraction on the polytope Q. By Lemma 3.5 there is an invariant CW-complex structure on X(Q, λ) associated to this retraction. Let
, and
be the T -fixed points of X(Q, λ) for 1 ≤ i ≤ m. Thus we have the following T -invariant stratification
si are T -stable we have a T -representation ρ i = (V i , π i , x i ), which can alternately be viewed as a T -equivariant complex vector bundle over the T -fixed point x i for 1 ≤ i ≤ m. Proposition 4.2. A divisive toric orbifold X(Q, λ) with the T -invariant stratification in (4.1) satisfies assumptions (A1) to (A4) listed above.
Proof. Checking for (A2): We fix i for the time being. Let v i1 , v i2 , . . . , v ir be the vertices in Q, such that there are directed edges e i1 , . . . , e ir respectively from v i1 , v i2 , . . . , v ir towards v i in the directed graph on the 1-skeleton of Q associated to the retraction {(
as in Remark 3.3. Since Q is simple polytope,
acting on right. Since the image of ψ j is an abelian group of rank (n − 1) (see Definition 2.1), thus ker ψ j is a one-dimensional Z-submodule of Z n . So, we have a character
determined by a primitive vector u j ∈ Z n generating the kernel of ψ j . Note that π −1 (e ij ) is T -invariant. We choose the sign of u j such that the following diagram commutes.
That is choice of u j is compatible with the T -action on X(Q, λ). Thus if we write V is := C χs for s ∈ N (i) and V is = 0 for s > i and s / ∈ N (i) then this verifies assumption (A2).
Checking for (A1): Let N (i) := {i 1 , . . . , i r }. Consider the neighbourhood
n with centre v i such that D does not any other vertex of Q. Note that P i is the smallest face of Q containing the edges e ij for i j ∈ N (i). The Link(v i ) in P i is P i \ U i where U i is defined in the proof of Lemma 3.5. So P i = Star(v i ) = Link(v i ) v i . Thus it follows from polyhedral geometry that for every p ∈ (P i \ U i ), the line segment joining p and v i meets W i ∩ ∂D at a unique point y p . Moreover, y p determines p uniquely and vice versa, see Figure 3 . This gives a bijective correspondence g i : ∂D ∩ W i → P i \ U i . Therefore we have following commutative diagram, (4.5)
The mapĝ i sends [t, y p ] to [t, p] . This map is well defined because if y p belongs to the relative interior of a face F of P i then p also belongs to F . Moreover, under the identification of U i with the complex representation ρ i ,
can be identified with the disc bundle D(ρ i ) and ∂( W i ) = π −1 (∂D ∩ W i )) with the sphere bundle S(ρ i ) of the representation space associated to ρ i . This induces the following homeomorphisms
where U i ⊆ X i maps homeomorphically onto the interior of the disc W i . This verifies assumption (A1).
Checking for (A3): Suppose f ij : x i −→ x ij denotes the constant map for every i j ∈ N (i) where
can be identified with the one dimensional sub-representation ρ ij of ρ i for j = 1, . . . , r. Let S(ρ ij ) be the circle bundle associated with ρ ij . Let w ij be a point where E ij meets ∂D ∩ W i . Then the attaching mapĝ i (see (4.5)) sends π −1 (w ij ) in S(ρ ij ) to x ij . Further, π −1 (w ij ) ∈ U i is mapped to x i under the canonical projection in the radial direction of the representation ρ ij . It follows that the restriction of the maps g i and the composition of the projection of ρ ij with f ij on S(ρ ij ) agree for every i j ∈ N (i). This verifies assumption (A3).
Checking for (A4): Note that for for 1 ≤ j = j ≤ r, E ij and E i j are distinct edges incident at v i in the simple polytope Q.
Recall that u j 's are primitive vectors determined by the kernel of (4.2). So we have u j , λ(F ia ) = 0 for a ∈ [n] \ {s} and u j , λ(F i b ) = 0 for b ∈ [n] \ {s }. Now if u j = cu j for some cZ then u j , F ia = 0 for a = 1, . . . , n. That implies u j = 0, which contradicts the definition of u j . Thus u j and u j are linearly independent.
Since u j is primitive and non-zero for every j ∈ N (i), the K-theoretic equivariant Euler class
is a non-zero divisor in the representation ring K 0 T (x i ) = R(T ), which is an integral domain. Moreover, since u j and u j are linearly independent, it follows that 1−e Remark 4.3. Note that we can define the constant map f ij : x i −→ x j between any two T -fixed points of X = X(Q, λ), which satisfy f ik = f jk • f ij for 1 ≤ i, j, k ≤ m. Thus we have the pull-back map of equivariant K-theory f *
In fact, since each x i is a point for i = 1, . . . , m then f * ij is an identity map.
Equivariant K-theory of divisive toric orbifolds
In this section we shall describe the T -eqivariant K-theory of divisive toric orbifolds. In particular, the following proposition extends [HHRW16, Proposition ] on divisive weighted projective space to any divisive toric orbifold.
In view of the Remark 4.3 we have the pull back isomorphisms
Proof. By Proposition 4.2 and Theorem 4.1 above it follows that K * T (X) is isomorphic to the subring Γ X of
Further, by Remark 4.3 it follows that Γ X gets the structure of K * 
Here V ij is the T -representation corresponding to the primitive character u ∈ Z n orthogonal to λ(F ) for each F of the (n − 1)-facets containing E ij . When there is no edge between v i and v j then V ij is trivial.
Piecewise Algebra and its Applications
In this section, we introduce several piecewise algebra associated to a polytope and a characteristic function on this polytope. Let Q be a simple polytope and λ a charcteristic function on Q as in Definition 2.1. Consider the category CAT(Q) whose objects are the faces F of Q and whose morphisms are their inclusions
Then CAT (Q) is a small category in which Q is the final object.
Given a face of F , let U F be the open set of Q obtained by deleting all faces which has empty intersection withF whereF is the relative interior of F . If F ⊆ F then U F ⊂ U F , which implies the inclusion
Consider U : CAT (Q) → T -T op defined by
Then U is a contravariant functor and the construction of toric orbifolds implies that colimU = F ∈L(Q) (U (F )) = X(Q, λ). Now assume F is a proper face of Q Then we can assign the subgroup T F of T to F , where T F is defined in (2.1) for a face F of Q. Note that T F is the stabilizer subtorus corresponding to the set π −1 (F ). If F ⊆ F is a face inclusion then we have M (F ) ⊆ M (F ) where M (F ) is defined in section 2 for a face F of Q. This inclusion of submodules of Z n induces the natural projection
Then V is a contravariant functor. Note that U is objectwise equivariantly equvalent to the above diagram, since
where k = codim(F ) and G F is defined in section 2. Therefore the homotopy colimit of V is equivariantly homotopy equivalent to X(Q, λ).
Definition 6.1. For any complex oriented equivariant cohomology theory E * T (−), we have the covariant functor
where GCALG E is the category of graded commutative E * T -algebras, defined by EV (F ) := E * T (T /T F ) and EV (i F F ) = r * F F . The limit P E (Q, λ) of EV is called the E * T -algebra of piecewise coefficients for the pair (Q, λ).
Similar to [HHRW16, Remark 4.8], we note that here P E (Q, λ) is an E * T -subalgebra of F E T (V F ), so every piecewise coefficient has one component f F for every face F of Q. If F is one of the vertices in {v 1 , . . . , v m } then EV (F ) == EV (v i ) = E * T F (pt) = E * T (pt) is an element of E * T since T F = T in this case; on the other hand if F = Q then EV (F ) = EV (Q) = E * T F (pt) = E * since T Q = {1}. Moreover, if (f F ) ∈ P E (Q, λ) then r * F ,F (f F ) = f F whenever F ⊆ F in Q. Sums and products of piecewise coefficients are take facewise. We have a canonical diagonal inclusion E * T ⊆ P E (Q, λ) as (r * F (f )), for f ∈ E * T where r F : T /T F −→ T /T = pt is the projection induced by the canonical inclusion T F ⊆ T , which clearly satisfies the compatibility condition. Also the constants (0) and (1) act as zero and identity element in P E (Q, λ) respectively.
Given an edge E of Q there is a unique collection of (n − 1) many facets F i1 , . . . , F in−1 such that E = F i1 ∩· · ·∩F in−1 . The integral matrix [λ(F 1 ) t , . . . , λ(F n−1 ) t ] of size n × (n − 1) determines a primitive vector u E , see just after (4.3). Moreover, on the orbit T /T E in X corresponding to the edge E, T acts on the orbit T /T E via the character χ E . Note that T /T E can be identified with the irreducible circle representation S(χ E ). Thus we can identify E the inclusion of S(χ u E ) into the unit disc D(χ u E ) determines the equivariant cofiber sequence
where S E denotes the one-point compactification D(χ u E )/S(χ u E ) with T -action. Applying E * T yields the long exact sequence (6.1) · · · E *
T (S E )
.e equivariant generalized cohomology theories for divisive toric varieties arising from polytopal symplicial complexes. . (2) In [DJ91], Toric manifolds were studied and an invariant CW-structure of a toric manifold was constructed. So in particular, toric manifolds are divisive toric orbifolds, and hence Theorem 6.3 holds for this class of manifolds.
(3) In subsection 4.3 of [BNSS17] , the local groups G F (v) are computed for torus orbifolds which are generalization of toric orbifolds. So Definition 3.4 can be introduced in this category. Thus one can get similar description of the equivariant generalized cohomology theories for divisive torus orbifolds.
